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Motivation

The Higgssector of the minimal supersymmetricextensionof the Standard

Model (MSSM) is a constrained2HDM. However,at one-loop all possible

2HDM interactions allowed by gauge invariance are generated(due to

SUSY-breakinginteractions).

Thus, the Higgs sector of the MSSM is in reality a general2HDM model

(albeit with certainrelationsamongthe Higgssector parametersdetermined

by the fundamentalparametersof the broken supersymmetricmodel).

The general 2HDM consists of two identical (hypercharge-one) scalar

doublets � 1 and � 2. Since one can always rede�ne the basis of scalar

�elds, the parameter tan � � v2=v1 is not meaningful and hencenot a

physicalobservable!

To perform model-independent studies of 2HDM phenomenaat future

colliders, basis-independent techniques are essential for identifying the

physicalHiggsobservables.



The General Two-Higgs-Doublet Mo del

Considerthe 2HDM potential in a generic basis:
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A basis changeconsistsof a U(2) transformation � a ! Ua�b� b (and � y
�a = � y

�b
U y

b�a).

RewriteV in a U(2)-covariant notation:

V = Ya�b�
y
�a� b + 1
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y
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whereZ a�bc �d = Z c �da�b and hermiticity impliesYa�b = (Yb�a) � and Z a�bc �d = (Z b�ad�c) � . The

barred indiceshelpkeeptrack of which indicestransform with U and which transform with

U y. For example,Ya�b ! Ua�cYc �dU y
d�b

and Z a�bc �d ! Ua�eU y
f �b

Uc�gU y
h �d

Z e �f g�h .



Explicitly (in a genericbasis),

Y11 = m2
11 ; Y12 = � m2

12 ;

Y21 = � (m2
12)� ; Y22 = m2

22 ;

and

Z1111 = � 1 ; Z2222 = � 2 ;

Z1122 = Z2211 = � 3 ; Z1221 = Z2112 = � 4 ;

Z1212 = � 5 ; Z2121 = � �
5 ;

Z1112 = Z1211 = � 6 ; Z1121 = Z2111 = � �
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Z2212 = Z1222 = � 7 ; Z2221 = Z2122 = � �
7 :



The most generalU(1)EM -conservingvacuumexpectation value(vev) is:
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v

p
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!

; with bva � ei�

 
c�

s� ei�

!

;

wherev � 2m W =g = 246 GeV. The overall phase� is arbitrary (and can be removed

with a U(1)Y hypercharge transformation). If we de�ne the hermitianmatrix Va�b � v̂av̂ �
�b,

then the scalar potential minimum condition is givenby the invariant condition:

Tr (V Y ) + 1
2v2Z a�bc �dVb�aVd�c = 0 :

The orthonormal eigenvectors of Va�b are v̂b and bwb � bv �
�c � cb (with � 12 = � � 21 = 1,

� 11 = � 22 = 0). Note that v̂ �
�bŵb = 0. Undera U(2) transformation, v̂a ! Ua�bv̂b, but:

bwa ! (det U ) � 1 Ua�b bwb ;

wheredet U � ei� is a purephase.That is, bwa is a pseudo-vector with respect to U(2).

Onecan use bwa to construct a proper second-ranktensor: W a�b � ŵaŵ �
�b � � a�b � Va�b.

Remark: U(2) �= SU(2)� U(1)Y =Z2. The parametersm 2
11, m 2

22, m 2
12, and � 1; : : : ; � 7

are invariant under U(1)Y transformations, but are modi�ed by a \
avo r"-SU(2)

transformation; whereaŝv transforms under the full U(2) group.



The Higgs basis

De�ne new Higgsdoublet �elds:

H 1 = (H +
1 ; H 0

1) � bv �
�a � a ; H 2 = (H +

2 ; H 0
2 ) � bw �

�a� a :

Equivalently, � a = H 1v̂a + H 2ŵa. Sincebv �
�abva = 1 and bv �

�a bwa = 0, it follows that

hH 0
1 i =

v
p

2
; hH 0

2 i = 0 :

The �eld H 1 de�ned above is invariant . However,undera U(2) transformation,

H 2 ! (det U )H 2 :

For example,underthe U(2) transformationU = diag (1 ; ei� ) , onecantransform among

di�erent Higgsbasesthat are relatedby a rephasingof the �eld H 2. Quantities that are

invariant underSU(2) but not underU(2) will henceforth be calledpseudo-invariants.

If we rewrite the Higgspotential V in the Higgsbasis,we �nd:
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where

Y1 � Tr (Y V ) ; Y2 � Tr (Y W ) ;

Z 1 � Z a�bc �d Vb�aVd�c ; Z 2 � Z a�bc �d W b�aW d�c ;

Z 3 � Z a�bc �d Vb�aW d�c ; Z 4 � Z a�bc �d Vb�cW d�a

are invariant quantities,whereasthe following (potentially complex)pseudo-invariants

Y3 � Ya�b bv �
�a bwb ; Z 5 � Z a�bc �d bv �

�a bwb bv �
�c bwd ;

Z 6 � Z a�bc �d bv �
�a bvb bv �

�c bwd ; Z 7 � Z a�bc �d bv �
�a bwb bw �

�c bwd :

transform as [Y3; Z 6; Z 7] ! (det U ) � 1[Y3; Z 6; Z 7] and Z 5 ! (det U ) � 2Z 5.



The invariants and pseudo-invariants in the genericbasisare givenby:
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where� 345 � � 3 + � 4 + Re( � 5 e2i� ) .



The Higgs mass-eigenstate basis

Starting in the Higgsbasis,

H 1 =

 
G+

1p
2

�
v + ' 0

1 + iG 0�

!

; H 2 =
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1p
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�
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;

where' 0
1, ' 0

2 anda0 are neutralscalar �elds, andH + is the physicalchargedHiggsboson,

with massm 2
H � = Y2 + 1

2Z 3v2. If the Higgssector is CP-violating,then ' 0
1, ' 0

2, and A

all mix to producethreephysicalneutral Higgsstatesof inde�nite CP. After employing the

potential minimum conditions: Y1 = � 1
2Z 1v2 and Y3 = � 1

2Z 6v2, the resultingneutral

Higgssquared-massmatrix is:
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Note that Z 7 doesnot appear above. The real symmetricmatrix M is diagonalizedby an

orthogonal transformation. That is, R M R T = M D = diag (m 2
1 ; m 2

2 ; m 2
3) , where

R R T = I .



A convenientform for R is:
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wherecij � cos � ij and sij � sin � ij . The neutral Higgsmasseigenstatesare denoted

by h1, h2 and h 3: 0
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Since the mass-eigenstatesh i do not depend on the initial basischoice, they are U(2)-

invariant �elds. We have seen that Higgs basis parameters are either invariant or

pseudo-invariant. In particular, onecan show that undera U(2) transformation,

� 12 ; � 13 are invariant, and ei� 23 ! (det U ) � 1ei� 23 :



We can eliminatethe middleman by expressingthe masseigenstateneutral Higgsdirectly

in terms of the original shifted neutral �elds, �
0
a � � 0

a � vbva=
p

2:

hk =
1

p
2

h
�

0 y
�a (qk1bva + qk2 bwae� i� 23) + (q�

k1bv �
�a + q�

k2 bw �
�aei� 23) �

0
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i
;

for k = 1; : : : ; 4, whereh 4 = G0 and the invariant quantitiesqk j are givenby:

k qk1 qk2

1 c12c13 � s12 � ic 12s13

2 s12c13 c12 � is 12s13

3 s13 ic 13

4 i 0

Since bwae� i� 23 is a proper U(2)-vector, we seethat the mass-eigenstate�elds are indeed

U(2)-invariant �elds. We can now invert the aboveresult to obtain:

� a =

0

B
B
B
@

G+ bva + H + bwa
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If Im (Z �
5 Z 2

6 ) = 0, then the neutral scalar squared-massmatrix can be transformed into

block diagonalform, whichcontainsthe squared-massof a CP-odd neutralmass-eigenstate

Higgs �eld A and a 2 � 2 sub-matrix that yields the squared-massesof two CP-even

neutral mass-eigenstateHiggs�elds h and H .

If Im (Z �
5 Z 2

6 ) 6= 0, we canwrite Z 6 � jZ 6jei� 6. Then the neutralscalar mass-eigenstates

do not possessde�nite CP quantum numbers, and the three invariant mixing angles� 12,

� 13 and � 6 � � 6 � � 23 are non-trivial.

The angles� 13 and � 6 are determinedmodulo � from

tan � 13 =
Im( Z 5 e� 2i� 23)

2 Re( Z 6 e� i� 23)
; tan 2� 13 =

2 Im( Z 6 e� i� 23)

Z 1 � A 2=v2
;

where A 2 � Y2 + 1
2[Z 3 + Z 4 � Re( Z 5e� 2i� 23)] v2 : Theseequationsexhibit multiple

solutions(modulo � ) correspondingto di�erent orderingsof the h k masses.Finally,

tan 2� 12 =
2 cos 2� 13 Re( Z 6 e� i� 23)

c13 [c2
13(A 2=v2 � Z 1) + cos 2� 13 Re( Z 5 e� 2i� 23)]

:

For a given solution of � 13 and � 6, the two solutionsfor � 12 (modulo � ) correspond to

the two possiblerelativemassorderingsof h 1 and h 2.



It is now a simplematter to insert the U(2)-covariant expressionfor � a in terms of the

mass-eigenstateHiggs�elds into the HiggsLagrangianto obtain a U(2)-covariant form for

the physicalHiggs bosonand Goldstonebosoninteractions. [Note: the Goldstoneboson

and neutral Higgs�elds are invariant �elds, whereasH � ! (det U ) � 1H � .]

The gauge boson{Higgs boson interactions are governedby the following interaction
Lagrangians:

L V V H =
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Likewise,the cubic and quartic Higgscouplingsare givenby (with h 4 = G0):

L 3h = � 1
2v hj hk h`

�
qj 1q�

k1Re( q` 1)Z 1 + qj 2q�
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+Re
�

[2qj 1 + q�
j 1]q�

k1q` 2Z 6 e� i� 23
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and
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�
qj 1q�
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�
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j 1qk2Z 5 e� 2i� 23 + qj 1q�

k1Z 6 e� i� 23 + qj 2q�
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Example: Higgs self-couplings

Lightest neutral Higgsbosoncubic self-coupling:

g(h1h1h1) = � 3v
�

Z 1c3
12c3

13 + (Z 3 + Z 4)c12c13js123j 2 + c12c13 Re( s2
123Z 5e2i� 23)

� 3c2
12c2

13 Re( s123Z 6ei� 23) � j s123j 2 Re( s123Z 7ei� 23)
	

Lightest neutral Higgsbosonquartic self-coupling:

g(h1h1h1h1) = � 3
�

Z 1c4
12c4

13 + Z 2js123j 4 + 2(Z 3 + Z 4)c2
12c2

13js123j 2

+2 c2
12c2

13 Re( s2
123Z 5e2i� 23) � 4c3

12c3
13 Re( s123Z 6ei� 23)

� 4c12c13js123j 2 Re( s123Z 7ei� 23)
	

wheres123 � s12 + ic 12s13.

Note that thesequantities depend on U(2)-invariants. In particular Z 5e� 2i� 23, Z 6e� i� 23

and Z 7e� i� 23 are U(2)-invariants!



The Higgs-fermion Yukawa couplings

In the genericbasis,the Higgs-fermionYukawa Lagrangianis:

� L Y = Q 0
L

e� 1� U;0
1 U 0

R + Q
0
L � 1( � D ;0

1 ) yD 0
R + Q 0

L
e� 2� U;0

2 U 0
R + Q 0

L � 2( � D ;0
2 ) yD 0

R + h:c: ;

where e� i � i� 2� �
i , Q 0

L is the weak isospinquark doublet and U 0
R , D 0

R are weak isospin

quark singlets in an interaction eigenstatebasis, and � U;0
1 ; � U;0

2 ; � D ;0
1 ; � D ;0

2 are 3 � 3

matricesin quark 
avor space.

Identify the fermionmasseigenstatesby employingthe appropriate bi-unitary transformation

of the quark mass matrices involving unitary matrices V U
L , V D

L , V U
R , V D

R , where

K � V U
L V D y

L is the CKM matrix. Then, de�ne the U(2)-vector � Q � ( � Q
1 ; � Q

2 ) , where

� U
a � V U

L � U;0
a V U y

R ; � D
a � V D

R � D ;0
a V D y

L :

In terms of the quark mass-eigenstate�elds and the transformed couplings,

� L Y = QL
e� �a� U

a UR + QL � a� D y
�a D R + h:c:



We can construct basis-independentcouplingsby transforming to the Higgsbasis.

� L Y = Q L ( eH 1� U + eH 2� U )UR + Q L (H 1� D y + H 2� D y)D R + h:c: ;

where
� Q � bv �

�a � Q
a ; � Q � bw �

�a� Q
a :

Inverting theseequationsyields: � Q
a = � Q bva + � Q bwa. Undera U(2) transformation, � Q

is invariant, whereas� Q ! (det U ) � Q .

By construction, � U and � D are proportional to the (real non-negative)diagonalquark

massmatricesM U and M D , respectively. In particular,

M U =
v

p
2

� U = diag (m u ; m c ; m t ) = V U
L M 0

U V U y
R ;

M D =
v

p
2

� D y = diag (m d ; m s ; m b) = V D
L M 0

D V D y
R ;

whereM 0
U � (v=

p
2)bv �

�a � U;0
a andM 0

D � (v=
p

2)bva � D ;0 y
�a . That is, we havechosenthe

unitary matricesV U
L , V U

R , V D
L andV D

R suchthat M D andM U are diagonalmatriceswith

real non-negativeentries. In contrast, the � Q are independentcomplex3 � 3 matrices.



The �nal form for the Yukawa couplingsof the mass-eigenstateHiggs bosonsand the

Goldstonebosonsto the quarks is:

� L Y =
1

v
D

�
M D (qk1PR + q�

k1PL ) +
v

p
2

h
qk2 [ei� 23� D ]yPR + q�

k2 ei� 23� D PL

i �
D hk

+
1

v
U

�
M U (qk1PL + q�

k1PR ) +
v

p
2

h
q�

k2 ei� 23� U PR + qk2 [ei� 23� U ]yPL

i �
U hk

+
�

U
h
K [� D ]yPR � [� U ]yK PL

i
D H + +

p
2

v
U [K M D PR � M U K PL ] D G+ + h:c:

�
:

By writing [� Q ]yH + = [� Qei� 23]y[ei� 23H + ], we see that the Higgs-fermionYukawa

couplingsdependonly on invariant quantities: the diagonalquark massmatrices,� Qei� 23;

and the invariant angles� 12 and � 13.

The couplingsof the neutral Higgsbosonsto quark pairsare genericallyCP-violatingas a

resultof the complexity of the qk2 and the fact that the matricesei� 23� Q are not generally

hermitian or anti-hermitian. L Y also exhibits Higgs-mediated
avor-changing neutral

currents (FCNCs) at tree-levelby virtue of the fact that the � Q are not 
avor-diagonal.

Thus, for a phenomenologicallyacceptabletheory, the magnitudesof the o�-diagonal

elementsof � Q must be small.



Conditions for CP-invariance

The general2HDM is CP-violating. The requirementof a CP-conservingbosonicsector is

equivalentto the requirementthat the scalar potential is explicitly CP-conservingand that

the Higgsvacuumis CP-invariant. The bosonicsector is CP-conservingif and only if: �

Im[ Z 6Z �
7 ] = Im[ Z �

5 Z 2
6 ] = Im[ Z �

5 (Z 6 + Z 7)2] = 0 :

Note that Im[ Z �
5 Z 2

6 ] = 0 implies that there is no CP-even/CP-odd scalar mixing in the

diagonalizationof the neutral scalar squared-massmatrix. Nevertheless,this is not a

su�cient condition for CP-conservingHiggscouplings.

Additional constraintsarise when the Higgs-fermioncouplingsare included. If Z 5[� Q ]2,

Z 6� Q and Z 7� Q (Q = U; D ; E ) are hermitian matrices, then the couplings of the

neutral Higgs bosonsto fermion pairs are CP-invariant. Thus, if all the above conditions

are satis�ed, then the neutral Higgs bosonsare eigenstatesof CP, and the only possible

sourceof CP-violationin the 2HDM is the unremovablephasein the CKM matrix K that

entersvia the chargedcurrent interactionsmediatedby either W � or H � exchange.
� Since one of the scalar potential minimum conditions yields Y3 = � 1

2Z 6v2, no separate condition

involvingY3 is required.



The signi�cance of tan �

So far, tan � has been completelyabsent from the Higgs couplings. This must be so,

since tan � is basis-dependent in a general2HDM. However, a particular 2HDM may

singleout a preferredbasis,in which casetan � would be promotedto an observable.To

simplify the discussion,we focus on a one-generationmodel, wherethe Yukawa coupling

matricesare simplynumbers.

As an example, the MSSM Higgs sector is a type-II 2HDM, i.e., � U
1 = � D

2 = 0.

A basis-independent condition for type-II is: � D �
�a � U

a = 0. In the preferred basis,

v̂ = (cos � ; sin � ei� ) and ŵ = ( � sin � e� i� ; cos � ) . Evaluating� Q = v̂ � � � Q and

� Q = ŵ � � � Q in the preferredbasis,it follows that:

e� i� tan � = �
� D �

� D
=

� U

� U
;

where� Q =
p

2m Q=v. Thesetwo de�nitions are consistentif � D � U + � D � � U = 0 is

satis�ed. But this is equivalentto the type-II condition, � D �
�a � U

a = 0.



Since� Q is a pseudo-invariant, we can eliminate� by rephasing� 2. Hence,

tan � =
j � D j

� D
=

� U

j � U j
;

with 0 � � � � =2. Indeed, tan � is now a physicalparameter, and the j � Q j are no

longerindependent:

j � D j =

p
2m d tan �

v
; j � U j =

p
2m u cot �

v
:

In the more general(type-III) 2HDM, tan � is not a meaningfulparameter. Nevertheless,

onecan introducethree tan � -like parameters:y

tan � d �
j � D j

� D
; tan � u �

� U

j � U j
; tan � e �

j � E j

� E
;

the last one corresponding to the Higgs-leptoninteraction. In a type-III 2HDM, there is

no reasonfor the three parametersabove to coincide.
y Interpretation: In the Higgs basis,up and down-type quarks interact with both Higgs doublets. But, clearly there exists

somebasis(i.e., a rotation by angle� u from the Higgsbasis)for which only one of the two up-type quark Yukawa couplingsis

non-vanishing.This de�nes the physicalangle� u .



The MSSM Higgssector is a type-III 2HDM

The tree-levelHiggspotential of the MSSM satis�es:

� 1 = � 2 = � � 345 = 1
4(g2 + g02) ; � 4 = � 1

2g2 ; � 5 = � 6 = � 7 = 0 :

But, one-loop radiative corrections generate corrections to these relations, due to

SUSY-breaking. E.g., at one-loop, � 5, � 6, � 7 6= 0.

For MSSM Higgs couplingsto fermions, Yukawa vertex corrections modify the e�ective
Lagrangianthat describesthe couplingof the Higgsbosonsto the third generationquarks:

�L e� = � ij

h
(hb + � hb)�bR H i

dQ j
L + (h t + � h t ) �t R Qi

L H j
u

i
+� hb

�bR Qk
L H k�

u +� h t �t R Qk
L H k�

d +h :c:

Indeed,this is a generaltype-III model. For example,in someMSSM parameter regimes

(correspondingto large tan � and large supersymmetry-breakingscalecompared to v),z

� hb ' hb

"
2� s

3�
�M ~g I (M 2

~b1
; M 2

~b2
; M 2

~g ) +
h2

t

16� 2
�A t I (M 2

~t 1
; M 2

~t 2
; � 2)

#

:

This leadsto a modi�cation of the tree-levelrelation betweenm b and h b. In addition, it

leadsto a splitting of \e�ective" tan � -like parameterstan � b and tan � t .
z I (a; b; c) = [ab ln (a=b) + bc ln (b=c) + ca ln (c=a)] =(a � b)( b � c)( a � c) .



For illustrative purposes,we neglect CP violation in the following simpli�ed discussion.

The tree-levelrelation betweenm b and h b is modi�ed:

m b =
hbv
p

2
cos � (1 + � b) ;

where� b � (� hb=hb) tan � . That is, � b is tan � -enhanced,and governsthe leading

one-loop correction to the physicalHiggs couplingsto third generationquarks. In typical

modelsat large tan � , � b can be of order 0.1 or larger and of either sign.

In the approximation schemeabove(keepingonly the tan � -enhancedterms),

tan � b �
v � D

p
2 m b

'
tan �

1 + � b
; tan � t �

p
2 m t

v� U
'

tan �

1 � tan � ( � h t =h t )
:

Thus, supersymmetry-breaking loop-e�ects can yield observabledi�erences between

tan � -like parameters that are de�ned in terms of basis-independent quantities. In

particular, the leadingone-loop tan � -enhancedcorrectionsare automaticallyincorporated

into:

gAb�b =
m b

v
tan � b ; gAt �t =

m t

v
cot � t :



The decoupling limit

The decouplinglimit corresponds to the limiting case in which one of the two Higgs

doublets of the 2HDM receivesa very large massand is therefore decoupledfrom the

theory. This can be achievedby assumingthat Y2 � v2 and jZ i j <� O (1) [for all i ].

The e�ective low energy theory is a one-Higgs-doubletmodel that corresponds to the

Higgssector of the Standard Model. We shallorder the neutral scalar massesaccording to

m 1 � m 2;3 and de�ne the invariant Higgs mixing anglesaccordingly. Thus, we expect

one light CP-evenHiggs boson,h 1, with couplingsidentical (up to small corrections) to

thoseof the Standard Model (SM) Higgsboson. In particular,x

m 2
1 = Z 1v2 + O

 
jZ 6jv2

m 2
3

!

; m 2
3 = A 2 + O

 
jZ 6jv2

m 2
3

!

;

m 2
2 = A 2 + v2 Re( Z 5e� 2i� 23) + O

 
jZ 6jv2

m 2
3

!

; m 2
H � = Y2 + 1

2Z 3v2 :

Hence,m 1 � m 2 ' m 3 ' m H � .

xRecallthat: A 2 � Y2 + 1
2[Z 3 + Z 4 � Re( Z 5e� 2i� 23)] v2.



Finally, the invariant mixing anglesare givenby:

s12 =
v2Re( Z 6 e� i� 23)

m 2
2 � m 2

1

"

1 + O

 
jZ 6j 2v4

m 4
3

!#

� 1 ;

s13 =
� v2Im( Z 6 e� i� 23)

m 2
3 � m 2

1

"

1 + O

 
jZ 6j 2v4

m 4
3

!#

� 1 ;

Im( Z 5 e� 2i� 23) =
� v2 Im( Z 2

6 e� 2i� 23)

m 2
3 � m 2

1

"

1 + O

 
jZ 6j 2v4

m 4
3

!#

� 1 :

In the exact decouplinglimit, thesequantitiesare all zero. However,the identity:{

Im( Z �
5 Z 2

6 ) = 2 Re( Z 5e� 2i� 23) Re( Z 6 e� i� 23) Im( Z 6 e� i� 23)

� Im( Z 5e� 2i� 23)
n

[Re( Z 6 e� i� 23)] 2 � [Im( Z 6 e� i� 23)] 2
o

impliesthat Im( Z �
5 Z 2

6) neednot be particularly small in the decouplinglimit. Therefore

in the decoupling limit, the properties of h 1 approach those of the neutral CP-even

Standard Model Higgs boson. In contrast, h 2 and h 3 are states of inde�nite CP (i.e.,

strongly-mixedlinear combinationsof H and A ).
{ Another identity, Im( Z �

5Z 2
6) v6 = 2s13c2

13s12c12 (m 2
2 � m 2

1)( m 2
3 � m 2

1)( m 2
3 � m 2

2) , yields the

sameconclusion.



Lessonsand future work

� If phenomenaconsistent with the 2HDM are found, we will not know a priori the

underlyingstructure that governsthe model. In this case,oneneedsa model-independent

analysisof the data that allows for the most generalCP-violatingModel-III.

� Instead of claiming that you have measuredtan � (which can only be done in the

context of a simpli�ed version of the model), measurethe physical parametersof the

model. Examplesinclude the tan � -like parameters introduced in the one-generation

model. (For three generations,the formalism becomesmore complicated. However,

one has good reasonto assumethat the third generationquark{Higgs Yukawa couplings

dominate.)

� Which tan � -like parameterswill be measuredin precisionHiggs studiesat the LHC

and ILC?How canonebest treat the full three-generationmodel to one-loop order? What

simpli�cations can be exploitedin the MSSM?

� Computethe one-loop radiative corrections to various Higgs processesin terms of the

physicaltan � -like parametersin the MSSM.


